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Despite the long-recognized fact that chemical structure and specific interactions greatly influ-
ence the thermodynamic properties of polymer systems, a predictive molecular theory that enables
systematically addressing the role of chemical structure and specific interactions has been slow to
develop even for polymer melts. While the lattice cluster theory (LCT) provides a powerful vehicle
for understanding the influence of various molecular factors, such as monomer structure, on the
thermodynamic properties of polymer melts and blends, the application of the LCT has heretofore
been limited to the use of the simplest polymer model in which all united atom groups within the
monomers of a species interact with a common monomer averaged van der Waals energy. Thus,
the description of a compressible polymer melt involves a single van der Waals energy. As a first
step towards developing more realistic descriptions to aid in the analysis of experimental data and
the design of new materials, the LCT is extended here to treat models of polymer melts in which
the backbone and side groups have different interaction strengths, so three energy parameters are
present, namely, backbone-backbone, side group-side group, and backbone-side group interaction
energies. Because of the great algebraic complexity of this extension, we retain maximal simplicity
within this class of models by further specializing this initial study to models of polymer melts
comprising chains with poly(n-α-olefin) structures where only the end segments on the side chains
may have different, specific van der Waals interaction energies with the other united atom groups.
An analytical expression for the LCT Helmholtz free energy is derived for the new model. Illustra-
tive calculations are presented to demonstrate the degree to which the thermodynamic properties
of polymer melts can be controlled by specific interactions.
I. INTRODUCTION
The development of reliable approaches for predicting
the thermodynamic properties of polymer systems is cru-
cial for the rational design of polymer materials. Such
approaches should readily translate microscopic infor-
mation into predictions for macroscopic properties. Al-
though fully atomistic simulations often generate useful
microscopic information, a unified framework for under-
standing the influence of molecular factors on the thermo-
dynamic properties of polymer systems cannot be read-
ily extracted from these simulations. The lattice cluster
theory (LCT) of Freed and coworkers [1–4] represents a
class of coarse grained models that retain the essential
features (e.g., bond connectivity, cohesive energy, chain
stiffness, etc.) of molecular structure and interactions in
polymer fluids while enjoying analytic tractability and
computational simplicity. Therefore, the LCT system-
atically addresses the role of various molecular charac-
teristics in determining the thermodynamic properties of
polymer systems.
The LCT builds on the long-recognized mathematical
simplification to the description of polymer systems con-
ferred by lattice models whose use enables predicting new
phenomena and explaining existing data. Classic Flory-
Huggins (FH) theory [5–7] successfully explains the fact
that long polymer chains in the liquid state generally
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tend to be immiscible, but it completely neglects the role
of monomer structure and chain architecture in determin-
ing the thermodynamic properties of polymer systems.
This significant deficiency is rectified by the LCT, which
employs an extended lattice model where monomers pos-
sess explicit structures that extend over several lattice
sites and preserve specific bonding patterns. This essen-
tial feature of the LCT provides a substantial improve-
ment over the traditional lattice theories and enables
studying the influence of monomer size, shape and en-
ergetic disparities on the thermodynamic properties of
polymer melts and blends. Moreover, the LCT includes
the description of the short-range correlations imparted
by nearest neighbor van der Waals interactions and by
chain semiflexibility. Not surprisingly, the LCT provides
microscopic explanations for a variety of previously enig-
matic observations [8–15] and offers a valuable vehicle
for predicting interesting new phenomena [16–22]. The
successful applications of the LCT motivate further im-
proving the theory in the present work.
One simplified assumption common to all previous ap-
plications of the LCT is the approximation of assign-
ing an identical van der Waals interaction energy to all
pairs of united atom groups within an individual poly-
mer species (see recent reviews [4, 23, 24] and the ref-
erences therein). Although this monomer averaged in-
teraction model suffices in establishing qualitative trends
observed in real polymers, the simplified model clearly
limits scope of assessing how the energetic heterogeneity
within monomers can be used as an additional variable
for controlling the thermodynamic properties of poly-
mer systems. In fact, the differences in interaction en-
2ergies are significant even for very similar united atom
groups; e.g., typical Lennard-Jones energy parameters for
(CH3)−(CH3) and (CH2)−(CH2) united atom group in-
teractions are 90 K and 70 K, respectively [25–27]. Thus,
it is quite natural to extend the LCT to models of poly-
mers with specific interactions.
The present paper is designed as a first step in the de-
velopment of more realistic models to aid experimental-
ists in the interpretation of data and the design of new
materials. The treatment here focuses on the general
methods for developing these more detailed descriptions,
with specific application to a model of a melt of semi-
flexible polymers with the structure of poly(n-α-olefin)
chains in which only the united atom groups residing at
the ends of the side chains are assigned different nearest
neighbor van der Waals interaction energies. We provide
a detailed description of the derivation of the analytic ex-
pression for the LCT Helmholtz free energy that enables
evaluating all other thermodynamic quantities. Given
the lengthiness of the derivation, only a few illustrative
examples are provided for the influence of specific inter-
actions on thermodynamic properties, while separate pa-
pers will present a detailed examination of the influence
of molecular details on the thermodynamic properties of
polymer melts, with particular emphasis on investigat-
ing polymer glass formation using a combination of the
current extension of the LCT with the Adam-Gibbs the-
ory [28].
Section II details the model of polymer melts with
three different interaction energies, followed in Section
III by a brief review of some necessary technical details
from the previous developments of the LCT. Appendix
A summarizes the detailed expressions for the Helmholtz
free energy for the model melts with monomer averaged
interactions for comparison with the current extension of
the LCT in Section IV, with Appendices B and C pro-
viding the explicit analytic expressions for the Helmholtz
free energy for the model of a melt with specific interac-
tions. Section V presents illustrative calculations for the
influence of specific interactions on the thermodynamic
properties of polymer melts.
II. MODEL DESCRIPTION
The extended lattice model of polymers considers
monomers that are endowed with n-α-olefin structures.
The individual monomers are thus represented in terms
of a set of united atom groups that each occupies a single
lattice site. As in previous work, the theory is developed
using a d-dimensional hypercubic lattice with Nl lattice
sites, each with z = 2d nearest neighbors. The system
is treated as a one-component compressible melt, con-
sisting of m monodisperse chains with M united atom
groups per chain, producing the volume fraction of the
polymer chains as φ = mM/Nl. Specializing to the
present model depicted in Fig. 1, M can be expressed
asM = Nc(Ns+2)+1, where the backbone chain length
ǫ11
ǫ22
ǫ12
FIG. 1. Schematic illustration of the lattice model of the
polymer melts with specific interactions considered here. Cir-
cles designate united atom groups, while lines represent the
bonds between united atom groups. The monomers (repeat
units) are endowed with n-α-olefin structures. The example
depicted contains Ns = 3 united atom groups in each side
chain and Nc = 4 repeat units. The united atom groups re-
siding at the ends of each side chain have specific interactions,
i.e., different nearest neighbor van der Waals interaction en-
ergies ǫ22 with each other and ǫ12 with all other united atom
groups. Therefore, the model prescribes three different van
der Waals interaction energies (ǫ11, ǫ22 and ǫ12).
Nc and the side chain length Ns are the numbers of
monomers per chain and united atom groups per side
chain. By construction, each side chain has at least one
united atom group.
The model in Fig. 1 is designed to investigate the
importance of varying the chemical species of the side
groups in real polymers. The united atom groups residing
at the ends of the side chains (represented as solid circles
in Fig. 1 and called e-groups in the following) differ from
those lying on other positions (depicted by open circles in
Fig. 1 and termed n-groups in the following), since these
side chains’ end segments have different nearest neighbor
van der Waals interaction energies among them and with
other n-groups. Therefore, each chain contains two types
of united atom groups withMn = Nc(Ns+1)+1 n-groups
(species 1) and Me = Nc e-groups (species 2). We define
the fractions of n-groups and of e-groups in a single chain
as fn = Mn/M and fe = Me/M , respectively. The van
der Waals energies ǫ11 and ǫ22 are assigned to the inter-
action of two nearest neighbor n-groups and two nearest
neighbor e-groups, while the energy ǫ12 describes the in-
teraction strength between a n-group and an e-group.
These systems are thus termed polymer melts with spe-
cific interactions to distinguish them from polymer melts
with monomer averaged interactions, where a single van
der Waals energy specifies the interactions of the system.
The models of melts with specific interactions, of course,
reduce to that with monomer averaged interactions when
all nearest neighbor van der Waals interaction energies
become identical, i.e., ǫ11 = ǫ22 = ǫ12.
Similar theoretical methods enable treating model
polymers where all (or some) of the united atom groups
residing in the side chains are species 2 (i.e., all side
groups become solid circles in Fig. 1). Thus, sufficient
details are presented to guide the treatment of these other
models. Particular applications will be presented else-
where for the simplest case where each side chain contains
only one united atom group, i.e., the polymer chains for-
3mally have the structure of poly(propylene) (PP) because
this choice involves the minimal number of energetic pa-
rameters as described below.
III. GENERAL FORMULATION OF THE
LATTICE CLUSTER THEORY
This section begins with a brief sketch of the derivation
of the LCT partition function for a melt of semiflexible
lattice polymers with structured monomers. The deriva-
tion of the general expression for the partition function
follows the lines of earlier works but proceeds differently
by introducing each additional feature in the model by
constraints which are then converted into a schematic
diagrammatic representation of the cluster expansion for
the partition function. This constraint oriented review
provides necessary notation and concepts for the exten-
sion of the theory to describe ever more realistic models
and, in particular, models of melts with specific interac-
tions. Detailed expressions for the Helmholtz free energy
of the model melts with monomer averaged interactions
are provided in Appendix A with some corrections to
previous work [3].
A. LCT partition function and its cluster
expansion
The LCT enables deriving a systematic analytical ap-
proximation for the Helmholtz free energy, from which
all other thermodynamic quantities can be calculated
analytically. The LCT calculations begin by evaluat-
ing the partition function for the extended lattice model
for a system of interacting polymers with structured
monomers. To account for a variety of important char-
acteristics of real polymers, the expression for the LCT
partition function is constructed by imposing several con-
straints associated with the presence of excluded volume
interactions, chain connectivity, nearest neighbor van der
Waals interactions, semiflexibility, and monomer struc-
tures. We briefly review the nature of these constraints
and their treatment in the LCT. Further details can be
found in Ref. [3].
Excluded volume constraints account for the hard-core
repulsions that exist in all systems at short interatomic
separations. The Boltzmann factors for these short-
ranged, non-bonded constraints translate in the lattice
model to the condition that no two united atom groups
can occupy the same lattice site. Thus, the partition
function incorporates the excluded volume constraints by
using a restricted sum over all positions of every united
atom group.
The treatment of the constraints due to chain connec-
tivity simplifies in the lattice model to the condition that
the vector ri− ri+1 connecting united atom groups i and
i+1 is one of the z possible lattice vectors aµ (µ = 1, ..., z)
between nearest neighbor sites on the lattice. This sim-
plification can be expressed as
z∑
µi=1
δbond(ri, ri+1 + aµi), (1)
where δbond is the Kronecker delta function specifying the
presence or absence of a bond (δbond = 1 if united atom
groups i and i + 1 are nearest neighbors, and δbond = 0
otherwise). The sum over µ appears because the bond
may lie along any of z possible directions.
Real polymers must have longer-range attractive in-
teractions in order to attain liquidlike densities at at-
mospheric pressure. These longer-range interactions are
modeled in the LCT with nearest neighbor attractive van
der Waals energies ǫij , and the interactions are then ap-
proximated using a cluster expansion in terms of Mayer
f functions. For this purpose, the interactions between
each pair of interacting united atom groups i and j enter
into the expression for the partition function with the
following factor,
1 + fpair
z∑
µi=1
δpair(ri, rj + aµi). (2)
The Mayer f function is defined as fpair = fij =
exp(βǫij) − 1 with β = kBT , where kB is Boltzmann’s
constant and T is the absolute temperature, and δpair = 1
when the united atom groups i and j are nearest neigh-
bors even if they are not bonded, and δpair = 0 otherwise.
The van der Waals energy ǫij is written as positive in the
LCT, but with the understanding that ǫij describes the
net attractive interactions. Therefore, the interactions
between united atom groups become more attractive for
larger ǫij . Since the original LCT takes ǫij as indepen-
dent of united atom groups i and j for a melt, the previ-
ously derived partition function applies to the models of
melts with monomer averaged interactions, while the ex-
tension to allow variable ǫij is considered in the present
work for application to the models of melts with specific
interactions.
To model the presence of conformational energies that
are responsible for a stiffening of chains upon cooling,
a chain semiflexibility constraint is introduced into the
LCT partition function for a pair of consecutive bonds
as
Ebend + (1− Ebend)δbend(µi, µi+1), (3)
where Ebend = exp(−βEb) with Eb called the bending
energy, and δbend depends on the conformation of the
two sequential bonds (δbend = 1 if the two bonds are
collinear and δbend = 0 otherwise). The bending energy
Eb has been introduced as the energy difference between
trans and gauche conformations for a pair of consecutive
bonds. Specifically, the trans conformation corresponds
to consecutive parallel bonds and is ascribed a vanishing
bending energy, while Eb is prescribed to a gauche pair
of sequential bonds lying along orthogonal directions. By
4definition, the bending energy Eb is positive, and chains
are fully flexible for Eb = 0, while they become com-
pletely rigid in the limit Eb →∞.
Finally, the LCT incorporates the bonding constraints
associated with monomer structure, which is described
with the aid of the concept of subchains in which the
full structured polymer chain is decomposed into a min-
imal set of linear chains, called subchains, that share no
bonds in common but that may share united atom groups
at junction points. For example, a PP chain contains L
= Nc + 1 subchains, where Nc is the polymerization in-
dex, since the backbone constitutes one subchain, while
each side chain bond forms a separate subchain. The
subchain is also an important concept for semiflexible
polymers and special attention must be devoted to pre-
scribing the bending energy factor to structured chains
(see more explanations in Ref. [3, 29]). Since these
constraints depend on the monomer structure, they are
most conveniently applied in the diagrammatic represen-
tation of contributions to the partition function. Hence,
the monomer structure constraints do not appear in the
partition function in the form of an explicit constraint.
The exact expression for the partition function W is
conveniently represented using the schematic form of Eq.
(17) in Ref. [3] that emphasizes the physical nature of
individual constraints,
W =
1
2mm!
∑
{r}
′
{∏
bond
(
z∑
µbond=1
δbond
)
×
∏
pair

1 + fpair z∑
µpair=1
δpair


×
∏
bend
[Ebend + (1− Ebend)δbend]
}
, (4)
where m is the number of the chains, the factors of 2−m
and 1/m! account for the indistinguishability of the two
chain ends and of the chains themselves, the symbol
∑′
{r}
represents a restricted sum over the positions of all united
atom groups subject to the constraint prohibiting multi-
ple occupancy of any lattice site, the bond product in-
cludes all bonds between united atom groups, the pair
product runs over all pairs of united atom groups that re-
side on neighboring lattice sites, and the product labeled
bend runs over all pairs of consecutive bonds within each
subchain.
The formally exact expression for the partition func-
tion W is evaluated using a systematic cluster expan-
sion in which the zeroth-order mean-field approximation
(Wmf in Eq. (19) of Ref. [3]) is essentially equivalent
to Flory-Huggins theory, as explained in more detail
in Ref. [3]. This approximation enables re-expressing
the partition function W as the product of a zeroth-
order mean-field contribution and corrections, i.e., W =
Wmf (1+corrections). The term corrections can be con-
verted into a systematic cluster expansion by first noting
the fact that each Kronecker delta in Eq. (4) can be
re-expressed in the schematic form
δ = A+ (δ − A) = A
(
1 +
δ −A
A
)
, (5)
where the term A represents an average of the contribu-
tion from δ and thus defines a factor appearing in the
zeroth-order mean-field term Wmf . For example, the
bond term
∑z
µbond=1
δbond in W can be rewritten exactly
as
z∑
µbond=1
δbond = zAbond(1 +Xbond), (6)
where zAbond = z/Nl represents a simple zeroth-order
mean-field approximation to
∑z
µbond=1
δbond. Hence,
Xbond defines the bond correction term and reads
Xbond =
Nl
z
[
z∑
µi=1
δbond(ri, ri+1 + aµi)−
Nl
z
]
. (7)
Processing the factors involving the nearest neighbor van
der Waals interactions and chain semiflexibility in a sim-
ilar fashion yields the partition functionW in the desired
form of multiple cluster expansions,
W =
∑
{r}
′W
mf (Nl −mM)!
Nl!
[∏
bond
(1 +Xbond)
×
∏
pair
(1 +GpairXpair)
×
∏
bend
(1 +KbendYbend)
]
, (8)
where the interaction correction term Xpair and its as-
sociated factor Gpair, and the bending correction term
Ybend and its associated factor Kbend, appear as
Xpair =
Nl
z
[
z∑
µi=1
δpair(ri, rj + aµi)−
Nl
z
]
, (9)
Gpair = G =
zfpair/Nl
1 + zfpair/Nl
, (10)
Ybend = zδbend(µi, µi+1)− 1, (11)
Kbend = K =
1− Ebend
(z − 1)Ebend + 1
. (12)
Expanding the product in Eq. (8) leads naturally to
the cluster expansion for the partition function W that
bears some similarity to the Mayer cluster expansion in
the theory of nonideal gases. Then, the partition function
5can be finally expressed as a zeroth-order mean-field term
and a cluster expansion
W =Wmf

1 + (Nl −mM)!
Nl!
∑
{r}
′
(∑
i
ti
+
∑
i,j
titj +
∑
i,j,k
titjtk + · · ·



 , (13)
where tα(α = i, j, k, ...) is either Xbond, GpairXpair, or
KbendYbend. The cluster expansion for the bending con-
straints differs from the cluster expansions generated by
the other two constraints because a factor of Ybend only
contributes to the partition function when multiplied by
the bond correlation corrections Xbond for the two bonds
affected by the factor Ybend.
B. Diagrammatic representation
The systematic calculation of contributions from the
cluster corrections in Eq. (13) can be transformed into
explicit expressions for evaluating contributions by repre-
senting each tα factor diagrammatically [1, 3]. Consider
first diagrams where the factors of tα only contain factors
of Xbond or GpairXpair. Each factor of Xbond represents
a correlating bond and is depicted by a solid straight line
connecting the bonded united atom groups, each repre-
sented by circles. Thus, diagrams containing only solid
straight lines and circles are called bond diagrams. When
the bond diagrams contain two portions separated by
one or more intervening bonds on the same chain, a dot-
ted straight line is used to indicate that the separated
portions belong to the same chain. The same rule also
applies to other types of diagrams with two separated
bond portions. The present LCT retains all bond dia-
grams where the total number of correlating lines is less
than or equal to four, and a full list of contributing bond
diagrams can be found in Ref. [1]. The pair diagrams
depict each factor of the van der Waals interaction term
GpairXpair as a solid curved line connecting the pair of un-
correlated interacting united atom groups, which are rep-
resented by crosses and also called bare interacting united
atom groups in the following since they differ from those
united atom groups participating in the correlated bonds
(called correlated interacting united atom groups). Like-
wise, the diagrams involving both Xbond and GpairXpair
factors are termed bond/pair diagrams, where the corre-
lated united atom group participating in the interactions
is also designated as crosses instead of circles. Dudow-
icz and Freed [2] provide expressions for all relevant pair
and bond/pair diagrams containing up to a total of four
bond and/or interaction lines. The bond and bond/pair
diagrams provide the essential building blocks for con-
structing the remaining diagrams including the bending
energy factor KbendYbend, which are generated by adding
dashed curved lines, connecting pairs of consecutive bond
correlation lines in the relevant bond and bond/pair dia-
grams, as described in detail by Foreman and Freed [3].
The diagrammatic representation for the partition
function then contains diagrams with all possible combi-
nations of elements, including solid straight bond corre-
lation lines, solid curved interaction lines, dashed curved
bending constraint lines, correlated circles, interacting
crosses, and dotted straight lines. In summary, the LCT
calculations include contributions from the following five
types of diagrams:
1. Bond diagrams, each of which consists of solid
straight lines, circles, and possibly a dotted straight
line;
2. Pair diagrams, each of which consists of solid
curved lines and crosses;
3. Bond/pair diagrams, each of which consists
of solid straight lines, solid curved lines, circles,
crosses, and possibly a dotted straight line;
4. Bond/bend diagrams, each of which consists of
solid straight lines, dashed curved lines, circles, and
possibly a dotted straight line;
5. Bond/pair/bend diagrams, each of which con-
sists of solid straight lines, solid curved lines,
dashed curved lines, circles, crosses, and possibly
a dotted straight line.
In the following, the diagrams containing one or two solid
curved interaction lines are also termed first-order or
second-order interaction energy diagrams, respectively.
We now provide a general description for evaluating
the diagrams of the LCT. The value of an individual dia-
gram with B solid straight lines, l solid curved lines and
b dashed curved lines is the product of a monomer struc-
ture independent but lattice structure dependent connec-
tivity factor D(B, l, b) and a monomer structure depen-
dent but lattice structure independent combinatorial fac-
tor γD(B, l, b). Thus, the partition function given by Eq.
(13) transforms into the more compact representation,
W = Wmf

1 + ∑
B,l,b
γD(B, l, b)D(B, l, b)

 . (14)
The connectivity factor D(B, l, b) can be generally
written for all types of diagrams as
D(B, l, b) =
d(B, l, b)
α
GlKb, (15)
where the denominator α only depends on the total num-
ber of lattice sites Nl in the whole lattice and the number
of vertices (i.e., united atom groups) Nv in the diagram
as
α = Nl(Nl − 1) · · · (Nl −Nv + 1), (16)
and the factors G and K are given by Eqs. (10) and (12).
The factor d(B, l, b) is dependent on the lattice structure
6R1,1 −Nl
R2,1 N
3
l /z
R2,2 −R2,1
R3,1 N
4
l /z
2
R3,2 −R3,1
R3,3 R3,1
R3,4 R1,1R2,1
R3,5 0
R4,1 R
2
2,1
R4,2 R2,1R2,2
R4,3 R
2
2,2
R4,4 3N
5
l /z
2
R4,5 −2N
5
l /z
2
R4,6 −R4,4
R4,7 N
5
l (1/z + 1/z
2)
R4,8 −R4,4
R4,9 N
5
l /z
2
R4,10 0
R4,11 −R4,9
R4,12 N
5
l (1/z − 1/z
2)
R4,13 R4,9
R4,14 −R4,9
R4,15 −R4,9
R4,16 0
R4,17 R1,1R3,1
R4,18 R
2
1,1R2,1
FIG. 2. LCT contracted diagrams (middle) along with their labels (left) and expressions (right). The contracted diagrams
depicted represent all possibilities with closed loops, and thus some vanishing contracted diagrams are also included for com-
pleteness. The solid lines emerge from the lines specifying the correlating bonds and the nearest neighbor interactions in the
original diagram, while the dashed lines originate from the lines of the original diagram imposing the bending constraints.
but not on the chain architecture, i.e., monomer struc-
ture. The calculation of d(B, l, b) is highly nontrivial due
to the excluded volume constraints, and systematic meth-
ods have been developed in Ref. [1] in terms of contracted
diagrams, a set of new diagrams that are obtained by
merging sets of two or more vertices for the given dia-
gram to evaluate the corrections from the zeroth-order
mean-field approximation that replaces these excluded
volume constraints by the average of δbond. Specifically,
d(B, l, b) for each diagram is evaluated in the form
d(B, l, b) =
∑
c
fB,cRB,c, (17)
where c is a sequential counting index and the co-
efficient fB,c is the product of a contraction factor∏N ′
v
λ=1(−1)
kλ−1(kλ − 1) and the number of ways of form-
ing a contracted diagram with N ′v vertices by merging
the distinguishable vertices k1, k2, ..., kN ′
v
in the original
uncontracted diagram. The expressions for the relevant
contracted diagrams RB,c are provided in Fig. 2 with
some corrections to the table in Ref. [3].
The combinatorial factor γD(B, l, b) emerges in the
form
γD(B, l, b) = sDγ(B, l, b), (18)
where sD is the symmetry number for the diagram and
γ(B, l, b) is the number of ways of selecting the set of
7correlating bonds as well as bare interacting united atom
groups from all polymer chains in the system. The sym-
metry number sD depends on the nearest neighbor inter-
action energy factor, and, by definition, sD always equals
unity for l = 0. The computation of sD for l > 0 proceeds
by removing the interaction lines in the diagram and as-
signing labels to all united atom groups. Then, the sym-
metry number sD equals the number of distinguishable
ways of constructing the final diagram by inserting the
interaction lines. The computation of sD for diagrams
with l > 0 is detailed in Ref. [2].
The definition of γ(B, l, b) immediately implies that
the expression for the LCT partition function contains
a set of geometrical counting indices, depending on the
structure of the correlating bonds in the diagrams. Dia-
grams without bending constraints include contributions
from all possible combinations of bonds that produce the
cluster architecture depicted in the diagram. However,
the treatment of the bending constraints requires fur-
ther specifications for the counting indices because the
bending constraints limit the number of combinations by
constraining the affected pair of consecutive bonds to lie
on the same subchain. Thus, the total number of sequen-
tial two-bond runs N2 in a single chain must be the sum
of the number of the bond pairs lying along the identi-
cal subchain N2i and the number of the bond pairs that
reside in two different subchains N2d,
N2 = N2i +N2d. (19)
A single bending energy factor appears only in conjunc-
tion with N2i. Details of the derivation of similar rela-
tions for the necessary counting indices can be found in
Refs. [3, 29].
C. LCT free energy
The LCT Helmholtz free energy F follows from the
partition function by applying the standard thermody-
namic definition to Eq. (14)
βF = − lnW = − lnWmf − ln(1 + σ), (20)
where σ =
∑
B,l,b γD(B, l, b)D(B, l, b). The last term of
Eq. (20) can be expanded in a Taylor series
ln(1 + σ) = σ −
1
2
σ2 +
1
3
σ3 − · · · . (21)
Recognizing that the Helmholtz free energy F is exten-
sive, all resulting terms in F must be extensive and scale
as the first power of Nl. Individual terms contributing
to σ might be hyperextensive, i.e., proportional to Npl
with p > 1. Rearranging the series on the right-hand
side of Eq. (21) into cumulants, each of which is a sum
of several original diagrams, identically eliminates hyper-
extensive contributions [1]. The diagrams with separated
bond portions must also produce hyperextensive terms,
whose eliminations arise from cancellation with the dia-
grams lacking separated bond portions.
The current LCT retains all bond diagrams through
the second order in 1/z. In addition, the Mayer f func-
tions are treated using a high temperature expansion
fpair = (βǫij) +
1
2!
(βǫij)
2 +
1
3!
(βǫij)
3 + · · · , (22)
where the first-order term are retained for all interac-
tion energy diagrams, and the second-order term are re-
tained only for several first-order interaction energy di-
agrams [2]. The cluster expansion for the free energy is
obtained treating ǫij formally as order 1/z.
Rearranging the expression for the LCT free energy
f = F/Nl in powers of the polymer volume fraction φ
converts the expression into the general form,
βf = βfmf −
6∑
i=1
Ciφ
i. (23)
The term βfmf represents the zeroth-order mean-field
contribution, which for a one-bending energy model reads
βfmf =
φ
M
ln(
2φ
zLM
) + φ(1−
1
M
) + (1− φ) ln(1− φ)
−φ
N2i
M
ln(zb), (24)
where zb = (zp − 1) exp(−βEb) + 1 with zp = z/2. The
choice of zp = z/2 assumes the existence of one trans
and z/2 − 1 gauche conformations for a pair of succes-
sive bonds. The coefficient Ci in Eq. (23) is obtained by
combining contributions from all relevant diagrams. Ap-
plying the above approximations to the model melt with
monomer averaged interactions where all pairs of united
atom groups have a common averaged van der Waals in-
teraction energy ǫ, Ci appears in the compact form,
Ci = Ci,0 + Ci,ǫ(βǫ) + Ci,ǫ2(βǫ)
2, (25)
where Ci,0, Ci,ǫ, and Ci,ǫ2 are obtained by combining
terms independent of ǫ, terms dependent on ǫ, and terms
dependent on ǫ2, respectively. Explicit expressions for
all the coefficients C1, ..., C6 in Appendix A contain cor-
rections to the formulas in earlier works [3]. Also note
that the results given in Appendix A are specialized to
the one-bending energy model, where a common value for
the bending energy has been assumed. It is straightfor-
ward to generalize the results in Appendix A to models
of melts with different bending energies for the backbone
and side chains by using the relations provided in Ap-
pendix B of Ref. [30].
IV. EXTENSION OF THE LATTICE CLUSTER
THEORY TO MODEL POLYMER MELTS WITH
SPECIFIC INTERACTIONS
In this section, we describe in detail how to extend the
LCT to models of polymer melts where the side chains’
end segments are permitted to have different nearest
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FIG. 3. All configurations of bonds that constitute the
bond/pair and bond/pair/bend diagrams for the model of
melts with specific interactions. Open and solid circles corre-
spond to normal united atom groups (i.e., n-groups) and to
the end segments of the side chains (i.e., e-groups), respec-
tively. Solid straight lines denote the bonds between pairs
of bonded untied atom groups, while dotted straight lines in
e1 − e3 and f1 − f4 indicate the presence of one or more in-
tervening bonds between the depicted bonds, as explained in
Subsection III B.
neighbor van der Waals interaction energies with other
united atom groups. In particular, we discuss the new
features arising from the model melts with specific inter-
actions. This section also provides typical examples for
the evaluation of the diagrams in the LCT.
A. Generalized counting indices and interaction
energy diagrams
Having provided the general formulation for deriving
the LCT free energy in Section III, it is now straightfor-
ward to extend the theory to models of polymer melts
with specific interactions, where the side chains’ end seg-
ments (i.e., e-groups) differ from the other united atom
groups (i.e., n-groups) in the strength of nearest neighbor
interactions. Apparently, such a model does not require
any modifications for the treatment of all constraints as
illustrated in Subsection III A. The partition function can
still be represented diagrammatically. The bond and the
derived bond/bend diagrams for the melts with specific
interactions are exactly the same as those in the melts
with monomer averaged interactions because the inter-
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FIG. 4. All possible bond/pair cumulant diagrams for the
model of melts with specific interactions. All these diagrams
may be derived from the first-order interaction energy dia-
gram f7 for models of melts with monomer averaged interac-
tions by enumerating all possible ways in which united atom
groups in the diagram may be specified as n-groups or e-
groups.
action energy factors are absent in such diagrams. The
diagrams involving the interaction energy factors, how-
ever, require systematic extensions.
We begin by describing the extensions necessary for
constructing the bond/pair diagrams, i.e., diagrams in-
volving both the bond correction factors Xbond and the
interaction energy factors GpairXpair. The six bond con-
figurations, depicted by a1, b1, c1, d1, e1 and f1 in Fig. 3,
are the basic elements of the bond/pair diagrams for the
model melts with monomer averaged interactions, and
each of them generates two or more distinguishable con-
figurations in order to treat the model melts with specific
interactions considered in the present work. For example,
the two-bond configuration includes two specific cases for
the model melts with specific interactions, namely, one
configuration with all n-groups (b1 in Fig. 3) and an-
other with one e-group residing at either end (b2 in Fig.
3). Thus, the counting index N2 for the model melts with
monomer averaged interactions is decomposed into two
counting indices N2n and N2e, which denote the numbers
of two-bond runs in a single chain with all n-groups and
of two-bond runs containing one e-group at either end,
respectively. Figure 3 describes the decomposition of all
six basic bond architectures into configurations necessary
for the model melts with specific interactions considered
in the present work. Accordingly, the decomposition of
the counting indices yields the following relations,
N1 = N1n +N1e, (26a)
N2 = N2n +N2e, (26b)
N3 = N3n +N3e, (26c)
N⊥ = N⊥n +N⊥e, (26d)
9N1,1 = N1n,1n +N1n,1e +N1e,1e, (26e)
N1,2 = N1n,2n +N1n,2e +N1e,2n +N1e,2e. (26f)
Expressing the counting indices Nx,y for diagrams with
two disconnected portions x and y in terms of several
individual counting indices [31] simplifies the final ex-
pression for the free energy. Appendix B provides the
expressions for N1,1 and N1,2 along with their decom-
posed forms for the model melts with specific interactions
considered in the present work.
Likewise, each of bare interacting united atom groups
in the bond/pair diagrams can be either a n-group or an
e-group. Extending the interaction energy diagrams to
models of melts with specific interactions then proceeds
by counting all possible ways of combining the pieces
comprising each individual diagram, a process illustrated
for the first-order interaction energy diagram f7. (A full
list of the first-order interaction energy diagrams appears
in Fig. 3 of Ref. [2]). Diagram f7 contains three pieces:
a one-bond configuration, a two-bond configuration and
two bare interacting united atom groups. All possibilities
of each piece and their combinations convert diagram f7
into twelve different generalized diagrams, as shown in
Fig. 4. The bare interacting e-groups are no longer des-
ignated by crosses in order to distinguish them from the
interacting n-groups when they participate in the near-
est neighbor interactions. Diagrams fa7 −f
d
7 , f
e
7 −f
h
7 and
f i7 − f
l
7 provide contributions for the interaction terms
ǫ11, ǫ22 and ǫ12, respectively. The generalization of other
bond/pair diagrams follows similar procedures.
Once all the bond/pair diagrams are generalized, the
bending energy factor can be included using the same
method described in Subsection III B to generate all the
generalized bond/pair/bend diagrams. Meanwhile, the
counting indices in Eq. (26) must be further extended by
specifying whether or not the successive bonds lie along
the identical subchain. Appendix B provides the neces-
sary relations for the counting indices in order to treat
these additional bending constraints.
B. Illustration of the diagram evaluation
The evaluation of generalized diagrams follows exactly
the same method described in Subsection III B. The
computation of each individual diagram with B bond
correlation lines, l interaction lines and b bending con-
straint lines requires knowledge of the connectivity factor
D(B, l, b) and the combinatorial factor γD(B, l, b). These
two factors, D(B, l, b) and γD(B, l, b), in turn, can be cal-
culated through Eqs. (15-18). The bond/pair diagram
fk7 in Fig. 4 is selected to illustrate the evaluation pro-
cess and further clarify the individual contributions to
D(B, l, b) and γD(B, l, b).
The cumulant diagram fk7 is a combination of five in-
dividual diagrams, as depicted in Fig. 5. The topol-
ogy of each individual diagram can only be constructed
f k7 f
k
7,1 f
k
7,2
= − −
f k7,3 f
k
7,4 f
k
7,5
− + 2
FIG. 5. Illustration of the evaluation of the bond/pair dia-
gram fk7 in Fig. 4. The cumulant diagram f
k
7 is composed of
five individual diagrams fk7,1, f
k
7,2, f
k
7,3, f
k
7,4 and f
k
7,5, whose
combination yields the final result for fk7 .
f k7 f
k
7,1 f
k
7,2
= −
FIG. 6. Illustration of the evaluation of the bond/pair/bend
diagram derived from fk7 in Fig. 4. Only the first two indi-
vidual diagrams survive when including the bending energy
factor.
in one possible manner by removing the solid curved
interaction line and labeling all united atom groups.
Therefore, the symmetry number is sD = 1 for all
the five individual diagrams. Table I provides a sum-
mary for each term of the other factors in D(B, l, b)
and γD(B, l, b). The diagram f
k
7,1 is used as an ex-
ample to explain the meaning of each term. The dia-
gram fk7,1 contains seven united atom groups, and thus
the factor α simply reads α =
∏6
i=1(Nl − i). The fac-
tor d = −2R4,1 − 8R4,2 + 48R4,3 + 8R4,4 − R4,5 with
the values of RB,c given in Fig. 2 is obtained from
the contracted diagrams generated when the interac-
tion line is replaced by a correlating bond. The factor
γ = N1nN2em(m − 1)(fnmM − 4)(femM − 1) is the
number of ways of selecting the combination of bonds
and bare interacting united atom groups from all poly-
mer chains in the system.
Combining the results from all five individual diagrams
according to the rule given in Fig. 5 leads to the contri-
bution to the free energy from the cumulant bond/pair
diagram fk7 as
fk7 (3, 1, 0)→
Nl
z
ǫ12
[
φ3(2fn + 4fe + 2fnfeM)
]
×
N1nN2e
M2
, (27)
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TABLE I. Expressions of the terms that are necessary for the evaluation of each individual diagram and hence the cumulant
bond/pair diagram fk7 in Fig. 5.
Diagram α d γD
fk7,1
∏
6
i=0(Nl − i) −2R4,1 − 8R4,2 + 48R4,3 N1nN2em(m− 1)(fnmM − 4)(femM − 1)
+8R4,4 −R4,5
fk7,2
∏
2
i=0(Nl − i)
∏
3
i=0(Nl − i) −2R4,1 −R4,5 N1nN2em
2(fnmM − 2)(femM)
fk7,3
∏
4
i=0
(Nl − i)
∏
1
i=0
(Nl − i) 4R4,4 −R4,5 N1nN2em(m− 1)(fnmM − 2)(femM)
fk7,4
∏
4
i=0
(Nl − i)
∏
1
i=0
(Nl − i) 4R4,4 −R4,5 N1nN2em
2(fnmM − 2)(femM − 1)
fk7,5
∏
2
i=0
(Nl − i)[
∏
1
i=0
(Nl − i)]
2
−R4,5 N1nN2em
2(fnmM)(femM)
TABLE II. Expressions of the terms that are necessary for the evaluation of each individual diagram and hence the cumulant
bond/pair/bend diagram fk7 in Fig. 6.
Diagram α d γD
fk7,1
∏
6
i=0
(Nl − i) −2R4,2 − 8R4,5 + 16R4,10 N1nN2eim(m− 1)(fnmM − 4)(femM − 1)
+32R4,11
fk7,2
∏
2
i=0
(Nl − i)
∏
3
i=0
(Nl − i) −2R4,2 N1nN2eim
2(fnmM − 2)(femM)
where the numbers (3, 1, 0) in the bracketed term cor-
respond to the values of B, l and b, and serve to dis-
tinguish different types of diagrams. The same nota-
tion is also used in the following for the calculation of a
bond/pair/bend diagram. The hyperextensive term (i.e.,
the term with 2fnfeM) cancels identically with that aris-
ing from the bond/pair diagram containing the counting
index N1n,2e.
The evaluation of diagrams with bending energy fac-
tors proceeds in a similar fashion. Since the bending
energy factors introduce additional constraints, the cu-
mulant diagram fk7 with the bending energy factor is
now a combination of only two individual diagrams, as
shown in Fig. 6. The explicit forms of α, d and γD are
summarized in Table II for individual diagrams, and the
final contribution to the free energy from the cumulant
bond/pair/bend diagram fk7 is
fk7 (3, 1, 1)→
Nl
z
ǫ12K
[
φ3(−2fn − 4fe − 2fnfeM)
+φ4(8fnfe)
] N1nN2ei
M2
. (28)
A bond/pair/bend diagram containing the counting fac-
tor N1n,2ei cancels the hyperextensive term in Eq. (28).
This typical example explains how inclusion of the bend-
ing energy factor introduces a new parameter K and also
additional powers in φ.
C. LCT free energy for the model polymer melts
with specific interactions
The LCT Helmholtz free energy for the model polymer
melts with specific interactions still possesses the general
form of Eq. (23), and the zeroth-order mean-field term
remains unchanged. The coefficient Ci becomes more
lengthy because there are now three nearest neighbor van
der Waals energies. Again, Ci can be generally written
as
Ci =Ci,0 + Ci,ǫ11(βǫ11) + Ci,ǫ22(βǫ22) + Ci,ǫ12(βǫ12)
+Ci,ǫ211(βǫ11)
2 + Ci,ǫ222(βǫ22)
2 + Ci,ǫ212(βǫ12)
2
+Ci,ǫ11ǫ12(βǫ11)(βǫ12) + Ci,ǫ11ǫ22(βǫ11)(βǫ22)
+Ci,ǫ12ǫ22(βǫ12)(βǫ22), (29)
where the terms Ci,0 are exactly identical to those for
the model melts with monomer average interactions (see
Appendix A for the explicit expressions of Ci,0). Since
the main aim of the present paper is to provide a general
description for treating a class of models of polymer melts
with specific interactions (e.g., similar methods can be
applied to block copolymers), the explicit expressions for
the coefficients in Eq. (29), specializing to the model
considered in the present work, are provided in Appendix
C.
Since the free energy for the model of melts with spe-
cific interactions reduces to that for the model of melts
with monomer averaged interactions when all three inter-
action energies are identical, the following relations must
hold
Ci,ǫ = Ci,ǫ11 + Ci,ǫ22 + Ci,ǫ12 , (30)
Ci,ǫ2 =Ci,ǫ211 + Ci,ǫ222 + Ci,ǫ212 + Ci,ǫ11ǫ12
+Ci,ǫ11ǫ22 + Ci,ǫ12ǫ22 , (31)
where Ci,ǫ and Ci,ǫ2 are terms in Eq. (25). Therefore,
the models of melts with monomer averaged interactions
indeed represent for a special case of the model with spe-
cific interactions.
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FIG. 7. Illustration of the influence of specific interactions on
the thermodynamic properties of polymer melts. The chains
have the structure of poly(propylene) (PP) chains with poly-
merization index Nc = 8000 and bending energy Eb = 400
K. The figure displays the temperature T dependence of the
polymer volume fraction φ and the entropy s/kB at a con-
stant pressure of P = 1 atm in (a) and (b), respectively. The
energy parameter ǫ22 is fixed as 200 K, and the other two
energy parameters ǫ11 and ǫ12 are adjusted according to Eq.
(32) to produce an average interaction energy of ǫav = 200 K.
The dashed lines highlight the results corresponding to the
model with a monomer averaged interaction energy.
V. ILLUSTRATION OF THE INFLUENCE OF
SPECIFIC INTERACTIONS ON THE
THERMODYNAMIC PROPERTIES OF
POLYMER MELTS
Although the monomer averaged interaction model suf-
fices in establishing many qualitative trends, this model
clearly represents a simplification that limits assessing
the ability of using the energetic heterogeneity, which is
ubiquitous within real monomers, as a further tool for
designing materials with desirable thermodynamic prop-
erties. Thus, the current extension of the LCT to poly-
mer melts with specific interactions clearly provides a
more powerful vehicle for understanding and thereby con-
trolling the thermodynamic properties of real polymers.
This section illustrates the degree to which the thermody-
namic properties can be modified by specific interactions
even when constraining the three energy parameters ǫ11,
ǫ22 and ǫ12 to a common average value, where the aver-
aged interaction energy ǫav is defined as
ǫav = f
2
nǫ11 + f
2
e ǫ22 + 2fnfeǫ12, (32)
and thus limits the number of free interaction energy pa-
rameters from three to two.
The PP structure (where the numbers of united atom
groups per side chain and subchains per chain are Ns = 1
and L = Nc + 1) is chosen for the calculations because
it requires the minimal number of parameters in the
LCT. The illustrative calculations consider the equation
of state (EOS), i.e., the temperature T dependence of the
polymer volume fraction φ at constant pressure, and the
entropy s. Analytic expressions for the pressure P and
the entropy density s (i.e., the entropy per lattice site)
simply follow from the LCT Helmholtz free energy as
P = −
∂F
∂V
∣∣∣∣
m,T
= −
1
Vcell
∂F
∂Nl
∣∣∣∣
m,T
, (33)
and
s = −
∂f
∂T
∣∣∣∣
φ
, (34)
where V is the volume of the system, and Vcell = a
3
cell
is the volume associated with a single lattice site. The
parameters z = 6, acell = 2.7A˚, Nc = 8000, and Eb = 400
K remain fixed in the calculations, and ǫ22 is kept as 200
K while adjusting the other two energy parameters ǫ11
and ǫ12 according to Eq. (32) to produce ǫav = 200 K.
The calculations illustrate the degree to which specific
interactions yield properties that differ from the models
of melts with the monomer averaged interaction energy
of ǫ11 = 200 K. Figure 7 displays the T dependence of φ
and s/kB at a constant pressure of P = 1 atm, and the
dashed lines highlight the results for the monomer aver-
aged interaction model. The monomer averaged interac-
tion model captures the general trends of both quanti-
ties, but, more importantly, thermodynamic properties,
such as the EOS and entropy density, can be modified
somewhat by varying the specific interactions even when
the averaged interaction energy ǫav is fixed. A separate
work will analyze in detail the greater control of poly-
mer properties that becomes possible when the averaged
interaction energy is variable. Since both EOS and en-
tropy density are important quantities entering into the
description of polymer glass formation (see Ref. [24] for
discussions of both quantities and for explanations why
the entropy density nonmonotonically depends on tem-
perature), the results presented in Fig. 7 suggest that
the specific interactions provide additional variables for
tailoring the properties of glass-forming polymers.
VI. DISCUSSION
We extend the LCT to evaluate the Helmholtz free en-
ergy of models of polymer melts where the monomers are
endowed with the n-α-olefin structure and where the end
segments of the side chains are permitted to have distinct,
specific van der Waals interaction energies. The same
methods may generally be applied to models in which
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all or certain of the side groups have distinct interaction
energies from the backbone, the chain has other architec-
tures, etc., but the details of the calculation differ in each
case. However, the free energy expression for each case
applies for many variables, including molecular weights,
interaction energies, etc. The extended LCT free energy
for the present example is a function of three nearest
neighbor van der Waals interaction energies and reduces
to the result for the model melts with monomer averaged
interactions where all interaction energies are identical.
Our work is largely motivated by experimental and
simulational results [32–39], demonstrating that specific
interactions profoundly affect glass formation in poly-
meric systems. For instance, recent experiments [36] indi-
cate that both the fragility and the glass transition tem-
perature can largely be tuned by modifying the chem-
ical structure of the backbone and side groups and/or
by controlling the spatial positions of the side groups.
These studies illustrate the important changes in proper-
ties that accompany variations in monomer structure and
molecular interactions and thus emphasize the impor-
tance of molecular factors in assisting the rational design
of polymer materials. Our illustrative calculations im-
ply that specific interactions provide additional variables
for tailoring the thermodynamic properties of polymer
melts and hence hold potential for controlling the prop-
erties of glass-forming polymers. The present extension
of the LCT will be used in a separate paper to provide a
similar generalization of the generalized entropy theory
of polymer glass formation [24] and thus an improved un-
derstanding of the implications of specific interactions in
glass formation of real polymers.
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Appendix A: Summary of the coefficients that
appear in the LCT free energy for the model melts
with monomer averaged interactions
This appendix provides the explicit expressions for the
coefficients that appear in the LCT free energy for the
model melts with monomer averaged interactions. The
results are summarized in Table III. Note that Table III
details simplifying relations for the counting indices as-
sociated with diagrams containing disconnected portions
within the same chain. The relations are expressed for
convenience using the variables ux = Nx/M with Nx de-
noting the number of runs of a given architecture x in a
single chain. Also, we have employed the following con-
venient expressions,
ut2 = u2ig + u2d, (A1)
ut3 = u3iig
2 + u3idg + u3dd, (A2)
where g = 1 − K = zp exp(−βEb)/zb (with the defini-
tions of zp and zb given in Subsection III C of the main
text) is another form of the bending energy factor. The
shorthand terms that appear in C1,0 are given in the fol-
lowing,
C(u2) = u2ig
2/2 + u2d/2, (A3)
C(o1) = uo1ii(1− g)
2, (A4)
C(u4) =−u4iiig
3 + (2u4iii − u4idi)g
2
−(3u4iii + 2u4iid − u4idi + u4idd
+u4did)g + u4iii + u4iid − u4idi
−u4ddd, (A5)
where uo1ii = No1ii/M and No1 denotes the number of
runs of the architecture in a single chain, corresponding
to the bond diagram o1 in Fig. 5.2 of Ref. [3], and ii
indicates that the three sequential bonds lie along one
identical subchain. Note that C(o1) and C(u4) provide
the corrections to the previous results in Ref. [3]. Also
note that the results given in Table III are specific to
the one-bending energy model, where a common value
for the bending energy has been assumed. However, the
bending energy may be different for the backbone and
side chains. It is straightforward to generalize the re-
sults to such a two-bending model by using the relations
provided in Appendix B of Ref. [30].
Appendix B: Extension of the counting indices
The previous LCT [31] demonstrates that the counting
index Nx,y with two disconnected portions x and y can be
always expressed in terms of several individual counting
indices. For example, the following relations hold for any
chain architecture,
2!N1,1 = N
2
1 −N1 − 2N2, (B1)
N1,2 = N1N2 − 2N2 − 2N3 − 3N⊥. (B2)
The derivation of similar relations becomes more com-
plicated for the model melts with specific interactions.
The final relations are provided in this Appendix where
the counting indices constituting N1,1 and N1,2 are fur-
ther specialized as to whether or not a set of bonds con-
tain an e-group,
2!N1n,1n = N
2
1n −N1n − 2N2n,
N1n,1e = N1nN1e −N2e,
2!N1e,1e = N
2
1e −N1e, (B3)
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TABLE III. Expressions for the coefficients that appear in the LCT free energy for the model melts with monomer averaged
interactions where a single van der Waals energy applies to all pairs of united atom groups.
i Ci,0 Ci,ǫ Ci,ǫ2
1 −ut2/z − [u⊥ + C(u2) + C(uo1)− C(u4)]/z
2 u1 + ut3/z 0
2 u21/z + (u
2
t2 + 2u1ut3)/z
2 z/2− 2u1 + (2u
2
1 − 4u1ut2 − 2ut3)/z z/4− u1 + u
2
1 + ut2
3 (2u31/3− 4u
2
1ut2)/z
2 u1 + (−4u
2
1 + 4u
3
1 + 8u1ut2 + ut3)/z −z/2 + 7u1/2− 6u
2
1 − 3ut2
4 2u41/z
2 (2u21 − 8u
3
1 − 4u1ut2)/z z/4− 4u1 + 12u
2
1 + 3ut2
5 0 4u31/z 3u1/2− 10u
2
1 − ut2
6 0 0 3u21
N1n,2n = N1nN2n − 2N2n − 3N3n − 3N⊥n,
N1n,2e = N1nN2e −N2e −N3e − 2N⊥e,
N1e,2n = N1eN2n −N3e −N⊥e,
N1e,2e = N1eN2e −N2e, (B4)
where the subscript n or e denotes the absence or pres-
ence of an e-group at the end of the corresponding bond
configuration (see Fig. 3).
The treatment of the bending energy factors requires
further decomposition of the counting indices as to
whether pairs of successive bonds lie on the identical sub-
chain (labeled with i) or different subchains (labeled with
d). The model melts with monomer averaged interactions
requires the following relations,
N2 = N2i +N2d, (B5)
N3 = N3ii +N3id +N3dd, (B6)
N⊥ = N⊥i +N⊥d, (B7)
N1,2 = N1,2i +N1,2d. (B8)
The above relations are now generalized to the model
melts with specific interactions considered in the present
work as
N2n = N2ni +N2nd,
N2e = N2ei +N2ed, (B9)
N3n = N3nii +N3nid +N3ndd,
N3e = N3eii +N3eid1 +N3eid2 +N3edd, (B10)
N⊥n = N⊥ni +N⊥nd,
N⊥e = N⊥ei +N⊥ed, (B11)
N1n,2n = N1n,2ni +N1n,2nd,
N1n,2e = N1n,2ei +N1n,2ed,
N1e,2n = N1e,2ni +N1e,2nd,
N1e,2e = N1e,2ei +N1e,2ed, (B12)
N1n,2ni =N1nN2ni − 2N2ni − 2N3nii
−N3nid −N⊥ni,
N1n,2ei = N1nN2ei −N2ei −N3eii −N3eid1,
N1e,2ni = N1eN2ni −N3eii −N3eid2 −N⊥ei,
N1e,2ei = N1eN2ei −N2ei. (B13)
Special attention is required to extend the counting
index N3e because two possibilities exist for N3eid due
to the presence of an e-group, namely, N3eid1 and N3eid2.
N3eid1 is the number of three-bond runs in a single chain,
where the two bonds connecting the e-group lie along the
same subchain, while N3eid2 denotes the number of three-
bond runs in a single chain when the two bonds composed
of all n-groups lie along the same subchain.
Appendix C: Summary of the coefficients that
appear in the LCT free energy for the model melts
with specific interactions
This appendix provides the explicit expressions for the
coefficients that appear in the LCT free energy for the
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model melts with specific interactions. The terms Ci,0 in
Eq. (29) are identical to those given in Table III of the
Appendix A, and the remaining terms in Eq. (29) are
summarized in the following,
C1,ǫ11 = u1n +
1
z
(ut3n + ux3e),
C1,ǫ22 = 0,
C1,ǫ12 = u1e +
1
z
(ut3e − ux3e),
C1,ǫ2
11
= 0, C1,ǫ2
22
= 0, C1,ǫ2
12
= 0,
C1,ǫ11ǫ12 = 0, C1,ǫ11ǫ22 = 0, C1,ǫ12ǫ22 = 0, (C1)
C2,ǫ11 =f
2
nz/2− fn(u1 + u1n) +
1
z
[fn(−ut3
−ut3n − ux3e) + 2u1u1n + u
2
1e/2
−(u1 + u1n)(ut2 + ut2n)],
C2,ǫ22 =f
2
e z/2− feu1e +
1
z
[fe(−ut3e + ux3e)
+u21e/2− u1eut2e],
C2,ǫ12 =fnfez − (2feu1n + u1e) +
1
z
[fe(−2ut3n
−2ux3e)− ut3e + ux3e − 2u1eut2n
−2u1ut2e + u1e(u1 + u1n)],
C2,ǫ211 =f
2
nz/4 + fn(−u1n − u1e/2 + ut2n)
+u21n,
C2,ǫ222 = f
2
e z/4− feu1e/2,
C2,ǫ212 =fnfez/2 + fe(−u1n + ut2n)
−u1e/2 + u
2
1e/2,
C2,ǫ11ǫ12 = fnut2e + 2u1nu1e,
C2,ǫ11ǫ22 = u
2
1e/2, C2,ǫ12ǫ22 = feut2e, (C2)
C3,ǫ11 =f
2
nu1 +
1
z
[f2nut3 + fn(−4u
2
1 + 2u1u1e
+4u1ut2 + 2u1nut2 + 2u1ut2n)
+4u21u1n + u1u
2
1e],
C3,ǫ22 =f
2
eu1 +
1
z
[f2e ut3 + fe(−2u1u1e + 2u1eut2
+2u1ut2e) + u1u
2
1e],
C3,ǫ12 =2fnfeu1 +
1
z
[2fnfeut3 + fe(−4u1u1n
+4u1nut2 + 4u1ut2n)− 2u1u1e − 2u1u
2
1e
+4u21u1e + 2u1eut2 + 2u1ut2e],
C3,ǫ211 =−f
3
nz/2 + f
2
n(7u1n/2 + 2u1e − 3ut2n
−ut2e) + fn(−6u
2
1n − u
2
1e/2
−4u1nu1e),
C3,ǫ222 =−f
3
e z/2 + f
2
e (u1n/2 + 2u1e − ut2e)
−feu
2
1e/2,
C3,ǫ212 =−fnfez/2 + f
2
nu1e/2 + f
2
e (u1n + u1e/2
−ut2n) + fnfe(3u1 − 2ut2n − 3ut2e)
+fe(−2u
2
1n − 6u1nu1e)− 3u
2
1e/2,
C3,ǫ11ǫ12 =−f
2
nfez + f
2
n(u1e − 2ut2e)
+fnfe(4u1n + 2u1e − 4ut2n − ut2e)
+fn(−3u
2
1e − 8u1nu1e)
+fe(−4u
2
1n − 2u1nu1e),
C3,ǫ11ǫ22 = −fnfeut2e − 2feu1nu1e − u
2
1e,
C3,ǫ12ǫ22 =−fnf
2
e z + f
2
n(2u1n + u1e − 2ut2n)
+fnfe(2u1e − ut2e)
+fe(−3u
2
1e − 2u1nu1e), (C3)
C4,ǫ11 =
1
z
[f2n(2u
2
1 − 4u1ut2)
−4fnu
2
1(u1 + u1n)],
C4,ǫ22 =
1
z
[f2e (2u
2
1 − 4u1ut2)− 4feu
2
1u1e],
C4,ǫ12 =
1
z
[fnfe(4u
2
1 − 8u1ut2)− 8feu
2
1u1n
−4u21u1e],
C4,ǫ211 =f
4
nz/4 + f
3
n(−4u1n − 3u1e + 3ut2n
+2ut2e) + f
2
n(12u
2
1n + 7u
2
1e/2
+14u1nu1e),
C4,ǫ222 =f
4
e z/4 + f
3
e (−2u1n − 3u1e + ut2n
+2ut2e) + f
2
e (7u
2
1e/2 + 2u1nu1e),
C4,ǫ212 =f
2
nf
2
e z + f
2
nfe(−2u1n − 4u1e + ut2n + 3ut2e)
+fnf
2
e (−6u1n − 4u1e + 5ut2n + 3ut2e)
+fnfe(4u
2
1n + 8u
2
1e + 18u1nu1e)
+f2e (6u1u1n) + u
2
1e,
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C4,ǫ11ǫ12 =f
3
nfez + f
3
n(−u1e + ut2e) + f
2
nfe(−10u1n
−5u1e + 8ut2n + 5ut2e) + f
2
n(7u
2
1e
+10u1nu1e) + fnfe(20u
2
1n + 5u
2
1e
+22u1nu1e),
C4,ǫ11ǫ22 =f
2
nf
2
e z/2 + f
2
nfe(−3u1e + ut2e)
+fnf
2
e (−2u1n − u1e + 2ut2n + ut2e)
+fnfe(3u
2
1e + 6u1nu1e)
+f2e (2u1u1n) + u
2
1e/2,
C4,ǫ12ǫ22 =fnf
3
e z + f
3
e (−2u1n − u1e + 2ut2n + ut2e)
+fnf
2
e (−4u1n − 7u1e + 2ut2n + 5ut2e)
+fnfe(5u
2
1e + 2u1nu1e) + f
2
e (4u
2
1n
+7u21e + 14u1nu1e), (C4)
C5,ǫ11 =
1
z
(4f2nu
3
1),
C5,ǫ22 =
1
z
(4f2eu
3
1),
C5,ǫ12 =
1
z
(8fnfeu
3
1),
C5,ǫ211 =f
4
n(3u1/2− ut2)− f
3
nu1(10u1n
+6u1e),
C5,ǫ222 =f
4
e (3u1/2− ut2)− f
3
e u1(2u1n
+6u1e),
C5,ǫ212 =f
2
nf
2
e (6u1 − 4ut2)− f
2
nfeu1(2u1n
+10u1e)− fnf
2
eu1(18u1n + 10u1e),
C5,ǫ11ǫ12 =f
3
nfe(6u1 − 4ut2)− 4f
3
nu1u1e
−f2nfeu1(28u1n + 16u1e),
C5,ǫ11ǫ22 =f
2
nf
2
e (3u1 − 2ut2)− 4f
2
nfeu1u1e
−fnf
2
e u1(18u1n + 4u1e),
C5,ǫ12ǫ22 =fnf
3
e (6u1 − 4ut2)− f
3
e u1(8u1n
+4u1e)− fnf
2
eu1(4u1n + 16u1e), (C5)
C6,ǫ11 = 0, C6,ǫ22 = 0, C6,ǫ12 = 0,
C6,ǫ211 = 3f
4
nu
2
1,
C6,ǫ222 = 3f
4
eu
2
1,
C6,ǫ212 = 12f
2
nf
2
e u
2
1,
C6,ǫ11ǫ12 = 12f
3
nfeu
2
1,
C6,ǫ11ǫ22 = 6f
2
nf
2
eu
2
1,
C6,ǫ12ǫ22 = 12fnf
3
e u
2
1. (C6)
In the above equations, we have employed the following
relations,
ux3e = u3eii(1− g)
2, (C7)
ut2n = u2nig + u2nd, (C8)
ut2e = u2eig + u2ed, (C9)
ut3n = u3niig
2 + u3nidg + u3ndd, (C10)
ut3e = u3eiig
2 + (u3eid1 + u3eid2)g + u3edd. (C11)
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